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Euler related results on the sum of the ratio of harmonic numbers and cubed binomial coeﬃcients
are investigated in this paper. Integral and closed-form representation of sums are developed in
terms of zeta and polygamma functions. The given representations are new.
1. Introduction






, Rez > 1. 1.1








for α, n ∈   ×  ,   : {1, 2, 3, . . .}, 1.2
and for α  1,
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 γ  ψn  1, 1.3
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 −ψ1 ≈ 0.5772156649 . . . , 1.4

















and the Gamma function Γz 
∫∞
0 u
z−1e−udu, for z > 0.












for p  1 and p  2 1.6
have been considered by Chen 1	, and recently Boyadzhiev 2	 evaluated various binomial
identities involving power sums with harmonic numbers H1n . Other remarkable harmonic


















there is also a recurrence formula
2n  1ζ2n  2
n−1∑
r1
ζ2rζ2n − 2r, 1.8
which shows that in particular, for n  2, 5ζ4  2ζ22 and more generally that ζ2n is a




















q − r). 1.9
Further work in the summation of harmonic numbers and binomial coeﬃcients has also
been done by Flajolet and Salvy 4	 and Basu 5	. In this paper it is intended to add,










  k/k − 12 for k > 1. Specifically, we investigate
integral representations and closed form representations for sums of harmonic numbers and
cubed binomial coeﬃcients. The works of 7–13	 also investigate various representations of
binomial sums and zeta functions in simpler form by the use of the Beta function and other
techniques. Some of the material in this paper was inspired by the work of Mansour, 8	,
where he used, in part, the Beta function to obtain very general results for finite binomial
sums.
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2. Integral Representations and Identities
The following Lemma, given by Sofo 11	, is stated without proof and deals with the
derivative of a reciprocal binomial coeﬃcient.
Lemma 2.1. Let a be a positive real number, z ≥ 0, n is a positive integer and letQan, z   anzz −1








−Qan, z[ψz  1  an − ψz  1] for z > 0,
−H1n , for z  0 and a  1.
2.1











j  1  an


















1 − xj(1 − y)k−11 − zl−11 −wm−1
(
1 − txaybzcwd)p1





































Γbn  1k · Γk
nΓ
(
an  j  1
)
Γbn  k  1
×Γcn  1l · ΓlΓdn  1m · Γm
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n − 1
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1 − y)β−1yα−1dy, for α > 0 and β > 0
2.4
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is the classical Beta function. Diﬀerentiating with respect to the parameter j, and utilizing










j  1  an
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1 − xj ln1 − x
x
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1 − xj ln1 − x(1 − y)k−11 − zl−11 −wm−1
(
1 − txaybzcwd)p1
× xa−1ybzcwddx dy dzdw
2.5
for |txaybzcwd| < 1.
In the following three corollaries we encounter harmonic numbers at possible rational
values of the argument, of the formHαr/b−1 where r  1, 2, 3, . . . , k, α  1, 2, 3, . . ., and k ∈  .













, z / {0,−1,−2,−3, . . .}. 2.6
To evaluateHαr/b−1 we have available a relation in terms of the polygamma function ψ
αz,
for rational arguments z,
H
α1








where ζz is the Riemann zeta function. We also define
H
1






0  0. 2.8
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The evaluation of the polygamma function ψαr/b at rational values of the argument can be
explicitly done via a formula as given by Ko¨lbig 14	 see also 15	 or Choi and Cvijovic´ 16	


























− 120ζ5, H21/4  16 − 8G − 5ζ2,
2.9
and can be confirmed on a mathematical computer package, such as Mathematica 17	.
















1 − y)1 − z1 −w]k−1
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1 − x(yzw)b


























































































































































































































































































































































































































































































































































































Substituting 2.19, 2.20 into 2.16 where XRk and YRk are given by 2.12 and 2.13,
respectively, on simplifying the identity 2.11 is realized.




















j  1  an


















1 − xj(1 − y)k1 − zl−11 −wm−1
(
1 − txaybzcwd)p1
× ln1 − x · xa−1yb−1zcwddx dy dzdw.
2.22
Proof. The proof of this theorem is very similar to that of Theorem 2.2 and will not be given
here.
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1 − y)k1 − z1 −w	k−1
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1 − x(yzw)b













































































































where XRk is given by 2.12 and YRk is given by 2.13.







































































































































































By substituting 2.26 into 2.25 and collecting zeta functions, the identity 2.24 is obtained.





















j  1  an


















1 − xj(1 − y)k1 − zl1 −wm−1
(
1 − txaybzcwd)p1
× ln1 − x · xa−1yb−1zc−1wddxdy dzdw.
2.28
Proof. The proof of this theorem is very similar to that of Theorem 2.2 and will not be given
here.
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where XRk is given by 2.12 and YRk is given by 2.13.
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Nowwe can substitute 2.32 into 2.31, collecting zeta functions and using 2.12 and 2.13
for XRk and YRk, respectively, the identity 2.30 is obtained.
Some specific examples of Corollary 2.7 are as follows.
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≈ 0.915965 . . . , 2.34












Remark 2.8. Corollaries 2.3, 2.5, and 2.7 are important and can be evaluated as demonstrated
independently of their integral representations. Similarly the proofs of Corollaries 2.3, 2.5,
and 2.7 are not obvious therefore their explicit representations is desired.
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) , for q  1, 2, 3, . . . , 2.36
with its associated corollaries. This work will be investigated in a forthcoming paper.
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